holds for any measurable subset a of M, ax being the image of a under T. Such transformations are known to play an important rôle in dynamics. The motions of a dynamical system, considered in the manifold of states of motion, are equivalent to a one-parameter group of one-to-one transformations. In the case of a conservative system these transformations always possess a positive invariant integral; for instance in the case of a Hamiltonian system the phase volume itself is invariant.
The integral m*(a) may be regarded as another measure on M ; thus a transformation of that kind is measure-preserving for a suitably chosen measure. The following paper deals with such transformations, for which the invariant measure m*(M) of the whole manifold M is finite, and is devoted to the characterization of these transformations by their intrinsic properties.
Necessary conditions for the existence of a finite invariant measure can be easily derived. For instance no point set a of positive measure can be transformed into a "proper" part of itself, i.e. ai c a, m(ax) < m(a), for this would imply m*(ax) <m*(a) in contradiction to the invariance. This intrinsic property of those transformations plays an important rôle in Poincaré's and Birkhoff's work on the motions of dynamical systems. However, this is not the only intrinsic property of those transformations. It is equally [April easy to give a still stronger necessary condition for the existence of a finite invariant m* by introducing the concept of the "image by division."
Definition. Two measurable point sets A and A ' are images by division of each other, if it is possible to subdivide A as well as A ' into finitely or denumerably many measurable parts, A = a1 + a2 + a3 + ■ ■ ■ , A' = a<1J + a<2> + a<3> + • • • , in such a way that aM is an image of a" under a suitable power of T.
If T possesses a finite invariant m*, obviously every image by division M' of M must coincide with M in the sense of the theory of measure, i.e., m(M -AT') =0. We have, indeed, M =£>, M'=£>'>, m*(M') = ¿2m*(a^) = ¿2m*(a') = m(M),
i.e., m*(M-M')=0, thus yielding m(M-M') =0.
The main purpose of this paper is to show that the latter necessary condition for the existence of a finite invariant m* is also sufficient :
A positive invariant integral m*(a), m*(M) being finite, can always be found, if m(M -M') = 0 holds for every image by division M' of M.
Naturally this characterization is not fit for immediate applications, but nevertheless it throws a certain light on the intrinsic nature of those transformations. It characterizes them by an intrinsic incompressibility-property. It may be remarked that the invariant measure can be constructed by an explicit process, by introducing the concept of the "compressibility measure," of a point set with respect to another set, in generalization of a process introduced by G. D. Birkhoff and P. Smith, f
Since we adopt the theory of Lebesgue measure as a general basis of our considerations, \ the assumptions of analyticity of manifold and transformation are inessential and may be replaced by much more general assumptions!}.
2. The compressibility measure. Preliminary theorems on invariant measures. Let M be an abstract point set. A measure m in the sense of Lebesgue may be defined on M and on certain subsets of M called measurable sets.
Only measurable sets will be considered in this paper. These sets are supposed to satisfy the following well known conditions : (I) The sum of finitely or denumerably many measurable sets is measurable.
f G. D. Birkhoff and P. Smith, Structure analysis of surface transformations, Journal de Mathé-matiques pures et appliquées, (9), vol. 7 (1928) , p. 345.
X This is a natural basis in connection with dynamics. Invariant measures occurring in this field are always absolutely additive measures. Under the weaker condition of ordinary additivity an invariant measure exists without any condition; see I. von Neumann, Zur allgemeinen Theorie des Masses, Fundamenta Mathematicae, vol. 12 (1928) , p. 73.
§ I wish to express my gratitude to Professor Birkhoff for suggesting to me work in this field.
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(II) If a and b are measurable and acb, then 6-a is measurable. As a well known consequence of (I) and (II) the set ab of all points common to a and b is measurable, for it is ab = b -((a+b) -a). The measure m is supposed to have the following properties : (iv) m(M) is positive and finite. The condition (iii) merely excludes triviality. The following considerations are based on this measure as a standard measure.
For our purposes we have to take into account different measures m* being comparable with m in the following sense :
1. »i* is defined for the same sets as m, i.e., for all measurable sets introduced above.
2. «î*è0.
3. m* is absolutely additive.
4. The relations m = 0 and m* = 0 imply each other.
m*(M) is finite.
It was proved by J. Radon f that the totality of these measures coincides with the totality of the measures representable by indefinite Lebesgue integrals,
where the point function/(P) is positive on M apart from a set of zero measure, and summable over M. Now let T be a one-to-one transformation of M into itself, which transforms, as well as P_i, measurable sets into measurable sets and sets of zero measure into sets of zero measure. The question to be investigated in this paper is the following: what intrinsic properties of T involve the existence of a measure m* invariant under T?
Let us denote by a, the successive images of a point set a = a0 obtained by successive application of T or P_i, (3) and (3').p is defined for all subsets a of {b} and nowhere negative. We may call p,(a) & the "compressibility measure" of a with respect to 0. f The compressibility measure has two important properties. It is absolutely additive and invariant under T, that is,
a, a', a", ■ ■ • being any denumerable set of point sets excluding each other, and
The inequality
for any sequence of sets is a well known consequence of the absolute additivity. First we prove (7). From (3) and (3') we have
Thus each sum ¿Zl is a sum ¿Zl1. Conversely, by an analogous consideration, each sum^Z"bl is a sum ^Z"b. Therefore their lower bounds coincide. In order to prove (6) we set A -a + a' + a"+ •••., A c {b}, and throw a into b, a' into b, a" into b and so on. These processes may be obviously combined into a single process of throwing the whole of A into 0. Thus each sum of sums ¿Zl+IZl +1Zl + ' ' ' represents a sum ^Zf. Conversely, let us throw A into ô,
2? = E»(c<"),
t Similarly we could define a "measure of expansion" by taking the upper bound instead of the lower bound of our sums. Probably our considerations can be simplified by using the measure of expansion.
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[April CM being an image of C' under a power »" of T. We may represent this process as a sequence of processes, by setting
and a = X>C", c°" ce
According toC" cA we obtain
thus by (8) z;=z;+z:+z;"+---.
Therefore the totality of the sums^f coincides with the totality of the sums of sums^î+Sî +z2l"+ ' ' " > whence (6) immediately follows. A further simple property of the compressibility measure is Indeed, the totality of the sums^y contains the totality of the sums^i-Let us put
For later purposes the following inequality may be derived :
(ii) x(2» è 12m, b1, b2, ■ ■ ■ being any sequence of point sets. Indeed, setting b =¿2b', we get
by (2) X(6)=m({M)> = mQ>})> and by (6') and (9) ß(12{b'})b < 2>({*-})i = ZmÜHV = ¿2Kb').
Now we prove the following theorem : Theorem 1. A necessary and sufficient condition for the existence of a finite and invariant measure m* over M is that each invariant point set of positive measure contain a set b with 0 < x(e) < <=o .
The condition is necessary. Let m* be a finite invariant measure over M given by (1) and let A be any invariant point set of positive measure. Furthermore let M" be the (measurable) set of all points, for which 1/h < f(P) < n. According to the definition of the number m' we have m(a') =m'. Furthermore we have m({b} -a') >0, for {b} cannot be a null set because of (10) and (13). Now a' is the largest null set, for according to the definition of m' the set {b} -a' cannot contain a further null set of positive measure. Thus
defines a finite invariant measure m* over the invariant set {b} -a'. We have also
We have to continue the formation of an invariant measure over larger and larger point sets, finally over the whole of M. For this purpose we denote by m the upper bound of the measures m of all invariant point sets, over which a finite invariant measure m* can be defined. Let Ma), Mi2), • • • be a corresponding sequence of invariant sets with
The finite invariant measure already found on Ml") may be denoted by m*. Then we are able to define an invariant measure m* over the whole of We observe that (a) and (ß) do not necessarily exclude each other (in this case the A of (a) is of course different from the A of (ß)). We know already the existence of an invariant set A of positive measure such that either X(ft) =0 or X(ft) = oo for any be A. Excluding (a) we assume X(ft) = oo for a suitable be A. Any set a c b satisfies either the equation X(a) = 0 or X(a) = oo . Let us denote by m the upper bound of the measures of all sets a c b with X(a) =0, and let us select a sequence of such sets contained in b, ft1, ft2, • • • , X(ft') = 0, lim w(ft') = m.
According to (11) the point set ft' = 2> i satisfies again the equation X(ft') =0, and we conclude m(b')=m according to the definition of the upper bound m. The set ft -ft' has a positive measure, for otherwise we would have X(ft) =X(ft') =0 in contradiction to our assumption X(ft) = oo. Now, ft' is the largest set with X(ft') =0 according to the definition of m and according to (11), and each subset a of ft -ft', w(a)>0, satisfies X(a) = oo.
We have hereby constructed a point set c of positive measure such that X(a) = oo holds for any subset a of c, m(a) >0.
In order to construct a sequence of sets indicated in the condition (ß) of Theorem 3, we may start with the following preliminary considerations. According to the properties of the transformation T the point set function m(a,), regarded as a function of the set a, v being a given integer, has precisely all properties of a measure m*(a). Thus we may represent it as an indefinite integral in the sense of Radon, (14) j»(a") = I <b,(P)dm, <f>, being positive almost everywhere and summable over M. Under well known restrictions for M and T, <j>, is the Jacobian of T,. For a given integer v a positive number e" can always be found so that the measure of the set of all points P with <b,(P) ^ e, is less than m(c)2-'~i, c being the set constructed above. The sum of these point sets (v= ±1, ±2, • • •) has a measure less than 00 m(c) Yßr"-1 = m(c)/2. i
Thus the complementary set e of this sum with respect to the set c has a measure m(e) >m(c)/2 > 0. The set e is precisely the set of all points P of c, for which the inequalities 0"(P)>e, hold simultaneously, v= +1, ±2, ■ • ■ .Now we are able to prove that the point sets Any two of the sets E' have no points in common, and it is evident that oo ¿2,E' = A.
(16) and (17) imply (18) Eh+1 c e, where h= -(k + V)/2 for k odd, h = k/2 for k even. According to (14) and to the definition of the point set e the inequalities (19) m(a-h) ^ e~hm(a), ace (e_* > 0), are satisfied by any subset a of e. Now we know already that X = °° holds for any subset a of Ax = e with positive measure. We may then prove (ß) by complete induction, assuming that \(a) = » holds for any subset a c Ak,m(a) >0.
We throw A into Ak+1, where cM is the image of c" under the «"th power of T, and we set (21) ¿Zk+1= Ef»(c<").
According to (17) (24) and (26), ¿Z = y 1Z >y = min(l, «_»), and X*+1 = °° » XL4*+1) = oo. An analogous consideration yields X(a) = oo for any a c^4t+1, m(a) >0, which completes the proof of Theorem 3. 4. Images by division and invariant measures. Concerning the notion of the image by division we shall only require that the different parts exclude each other in the sense of measure theory, i.e., that they have at most sets of zero measure in common. However, the greater generality of this notion is readily seen to be apparent. Let us call a set A a "proper part" of a set B, if The following lemma will be useful for later discussions : Now E' is an image by division of E, for (27), (28) and (29) yield E = BE= ¿2b'E; E' = B'E = ¿Zb^E = £(&"£)",, the first of these equations holding apart from a set of zero measure. From (29) we conclude that
Hence according to (27), m(E -E')>0, i.e. E' is a proper part of E. Lemma 1 completes the proof. We need two further simple results.
Lemma 4. If m(a) >0, m(b) >0, p(a)b = 0, a point set a' and an integer « can always be found to satisfy the conditions , .
a' c a, a"' c ft,
0 < w(an') <m(a')/2.
We can always throw a into ft in such a way that X>(c(,,)) < 5«(») = è ¿Zm(cv); a = ]£>, c<'> = c^ c ft.
Thus the inequality m(cM) <m(c')/2 must hold for some j». a' = e', » = », satisfy (30).
Lemma 4'. 7/ »i(a) >0, w(ft) >0, p(a)b= <x>, a set a' and an integer n can always be found to satisfy the conditions a"' c a, a' c ft, 0 < «(a»') < »0*0/2. By any way of throwing a into ft we get ¿Zm(c^) = oo ; a = X>, c(,,) = <" c *•
The inequality m(cM) > 2m(c") must therefore hold for some v. Then, a' = c(,), n=-n, satisfy (31).
We are now prepared to prove the main Theorem 4. A necessary and sufficient condition for the existence of a finite invariant measure m* over the whole of M is that m(M -M') =0 holds for each image by division M' of M.
It remains to prove that the condition is sufficient. Under the assumption that no finite invariant m* exists over M, we shall construct an image by division of M forming a proper part of M. With regard to Theorem 3, we have to treat separately the two cases (a) and (ß).
(a) An invariant set A exists such that X(ft) =0 holds for any subset ft of A. From p(a)¡,gp({b})¡, = X(ft) we conclude that We require again the index ß of the group Gß to which a2 belongs to be as small as possible, provided that (33) Now we show that necessarily m(a) =0, the case m(a) >0 leading to a contradiction with our assumption that the process cannot be carried further.
According to Lemma 4 we may indeed find a set a' and a suitable image a (,) so that a' c a, a(,) c ft, m(aM) < m(a,)/2.
According to (35) the first and the second inequality are obviously equivalent to a* c A, a'a" = aU)aM =0, 1 2¡ v < s, so that (34) is satisfied for the former sets a" together with a'. Thus we must have m(a) =0, i.e., {A -B'} cB holds apart from a set of measure zero. In this case Lemma 3 finishes the proof. In conclusion, the process can either be continued till the sets a' fill up the whole of A, or it stops before. The latter case is by no means unfavorable, as Lemma 3 automatically provides for it.
(0) An invariant set A, miA)>0, exists having the following property. For any given number e > 0 a set A c A can be found such that (36) miA -A) < (, while for any ft c A, mQ>) >0, we have (36') X(6) = oo .
The treatment of this case follows much the same line as in the case (a), the only complication being due to the fact that the equation pia)b= <x> is not satisfied by each ft c A, a c {ft}, w(a) >0.
We start by fixing a set A such that (36') holds for any ft c A, ra(ft) >0.
According to Lemma 4' with 6 = A, a = {ft}, /n(a)b=X(Z) = oo, we may select a first set a1 and a suitable image a(1) so that a1 c Z,
We proceed exactly as in the case (a) by constructing a sequence of sets a' and of associated images which satisfy the conditions a' c J, a'a" = a('>a("> = 0, v ^ p, i»(a<'>) < w(a')/2.
We assume again the process to be carried on as far as possible. We set now B = 2><", B' = £a', these sets being images by division of each other, and (37) b = 2 -B', a = iA -B){b}.
The assumption m(a) >0 is again in contradiction with the assumption that our process cannot be continued. In order to show this, we note first that (38) p(a) (,= oo, an equation which will be proved below. Supposing (38) to be proved we may apply Lemma 4 and accordingly find a set a" and an image a(,) such that 5. Some remarks on images by finite division. It is an outstanding question, whether the weaker supposition, that no set goes into a proper part of itself under T, guarantees the existence of a finite invariant m*. According to Theorem 4 this would be equivalent to the question whether a set going into a proper part of itself under T can be found, if a suitable image by division of M forms a proper part of M. It is rather doubtful whether the anwer to this question is in the affirmative. However, it may be remarked that the main difficulty lies in the use of infinitely many parts in the concept of the image by division, for in case of divisions into a finite number of parts our question is affirmed by where the numbers of elements in the different rows are «i+l, «2+1, • ■ ■ successively. We denote by E<the set of all points contained in i or more point sets standing between the two vertical lines, and we put E° = M. These sets decrease, i increasing, hold for all rational values of /. From the above continuity supposition we infer that they hold for any /, i.e., that {^4 } is invariant under the group. Notions such as the compressibility measure and the image by division admit of an obvious extension. As all our considerations remain the same, Theorem 4 indicates also in the case of our group the necessary and sufficient condition for the existence of a measure m, invariant under the group Tt.
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